On the ers of Hanoi problem with ultiple spare egs Jeyakesavan er asamy and Ivor Page Computer Science Program, EC 31 The Univ ersit of exas at Dallas Ric hardson, TX 75083-0688, USA eerasam iv or @utdallas.edu Abstract analyze solution to arian of the ers of Hanoi problem, in whic ultiple spare egs are used to mo the disks from the source to the destination eg. also discuss the in teresting relation et een the um er of disks and the total um er of disk mo es when the um er of spare egs is function of um er of disks. Keyw ords ers of Hanoi, analysis of algorithms, recurrence relations, recursion C.R. Category: F.2.2. In tro duction The ers of Hanoi problem is ell-kno wn for its nice recursiv solution. In the recen ears, there has een increasing in terest in sev eral arian ts of the original problem. References [1-7] presen few suc in teresting ariations. In ], X.M.Lu discussed an optimal algorithm for the ers of Hanoi Problem with ultiple spare egs. But it is di�cult to compare his �nal expression for the um er of disk mo es with the solution of the original problem and appreciate the impro emen in the um er of disk mo es. In this pap er, deriv simple upp er ound whic enables us to understand the usefulness of additional spare egs. also discuss the um er of disk mo es required, when the um er of spare egs is function of um er of disks. The main results of in sligh tly simpli�ed form follo ws. Let the um er of spare egs is the total um er of egs) and the um er of disks to mo ed from the source eg to the destination eg. The total um er of disk mo es is giv en the follo wing recurrence relation: 0) 1) where is de�ned the inequalit and is said to at the lev el Fig.1 sho ws the piecewise linear nature of erses It is clear that the total um er of disk mo es increases for eac disk added at lev el Using spare egs and the lev els at the maxim um disks can transferred. The follo wing recurrence relation explains the algorithm. (0 0) 1) transfer disks from the source eg to the destination eg, �rst transfer 1) disks to one of the spare egs using spare egs (the destination eg is spare eg in this phase), transfer the remaining disks to the destination eg using spare egs, and �nally transfer 1) disks from the spare eg to the destination eg using spare egs (the source eg is spare eg in this phase). Similarly the follo wing equation is the result of applying this stage pro cess to 1) disks. 1) 1) or all suc that ), ho ose suc that 1) and 1) and follo the same metho to transfer disks. The um er of disks added in lev el is 1) ). So the total um er of disk mo es is giv en =0 )2 ))2 +1 Upp erb ound No will deriv simple upp er ound for the total um er of mo es. In the last section, found that for eac disk added at lev el the total um er of mo es increases So if disks are mo ed using spare egs and the lev els trivial upp er ound for the um er of disk mo es is ha to express as function of and Let us consider all alues at the lev el 1) 1) 1) 1)( 2) 1) 1) 1)( 2) Ev en though our equation do es not giv the exact um er of mo es, comparing this upp er ound with the solution of the original problem (1 1, can realize the e�ect of the additional spare egs. Till no w, assumed constan um er of spare egs and found that the total um er of mo es is exp onen tial in In the follo wing sections, analyze the problem in whic the um er of spare egs is function of When cn Theorem When the numb er of sp ar gs cn wher and ar onstants, the total numb er of disk moves is line ar in Pro of: When 1, it is easy to see that for cn 1. Once the um er of spare egs 1, n; 1. Hence the um er of mo es is linear in No consider 1. ha already found simple upp er ound where is the um er of disks and is the lev el of will sho this ound is linear in i.e. pro that is ounded constan whic is function of and and do es not dep end on cn =c =� =c (1 =c dk where =� and =c Lemma If the fol lowing ine qualities hold for any onstants and dk (1) 1) 1) (2) then dk for any Pro of: will pro this lemma induction. By inequalit 1, the lemma is trivially true for Multiplying the sides of the inequalities, get dk 1) )! 1) )! 1)! So the lemma is true for 1. Let us assume that the lemma holds go for an where 1. So 1) (3) Adding to denominator and umerator of inequalit 2, get 1) 1) Com bining this inequalit with inequalit 3, get m; ). So the lemma is true for If set in lemma 1, get 2) So for max +1 2) the lemma holds true. So the total um er of disk mo es is where is the actual lev el of and max +1 2) Fig.2 sho ws the actual relationship et een and for di�eren and alues. It is in teresting to note that as increases, rapidly increases, reac hes maxim um max and drops do wn, and then remains almost constan t. Changing the alue of has signi�can e�ect on only for small alues. or �xed sho ots up more for 1, and sho ots up less for 1, then settles to an almost constan alue, irresp ectiv of When is logarithmic in Theorem When the numb er of sp ar gs log wher is onstant, the total numb er of disk moves is wher 1) Pro of: log =c 1)( 2) No ha to decide the relationship et een and This inequalit will not hold go for an constan ecause, as increases, the rhs is not able to eep up with gro wth of the lhs. rewrite the equation in tro ducing one more ariable (1 (1 )(1 )(1 (1 The equation is true when The actual lev el can (1 x=k 1) 1) 1) log 1)+1 The total um er of disk mo es is where 1). Fig.3 sho ws the actual relationship et een log and for di�eren alues of Conclusions analyzed the ers of Hanoi problem with ultiple egs. found that the um er of disk mo es is linear in when the spare disks cn also found that the um er of mo es is olynomial in when the spare egs log and the um er of disk mo es is exp onen tial in when the um er of spare egs is constan t. Ac kno wledgemen ts: are thankful to Jie Hu and Mark Scoggins for useful discus- sions. References [1] M. C. Er, The omplexity of the gener alise cyclic towers of hanoi pr oblem J. Algorithms (1985), 351{358. [2] gener al algorithm for �nding shortest ath etwe en two -c on�gur ations Information Sciences 42 (1987), 137{141. [3] X. M. Lu, owers of hanoi pr oblem with arbitr ary gs In tern. J. Computer Math. 24 (1988), 39{54. [4] S. Minsk er, The towers of hanoi ainb ow pr oblem: oloring the rings J. Algorithms 10 (1989), 1{19. [5] The towers of antwerp en pr oblem Inform. Pro cess. Lett. 38 (1991), 107{111. [6] J. S. and R. J. Chen, The towers of hanoi pr oblem with ar al lel moves Inform. Pro cess. Lett. 44 (1992), 241{243. [7] A. J. an Zan ten, iter ative optimal algorithm for the gener alize tower of hanoi pr oblem In tern. J. Computer Math. 39 (1991), 163{168.