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Apply the Apply the 
3x3 matrix  3x3 matrix  HH

HxHx = x’  = x’  

Projective Transform Projective Transform HH
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(x,y)(x,y) xx

(x’,y’)(x’,y’)

HomogHomog.. coordscoords
x’ =x’ = [x’,y’,1][x’,y’,1]TT

2D image 2D image (x’,y’)(x’,y’)

2D image 2D image (x,y)(x,y)

HomogHomog.. coords coords 
[x,y,1][x,y,1]TT = x = x 

The bits and pieces of The bits and pieces of HH
HH has 8 independent variables (DOF)has 8 independent variables (DOF)
•• Computer Graphics method (3x3 matrix):Computer Graphics method (3x3 matrix):

2D Translation2D Translation(t(txx, t, tyy))
3D Scale         3D Scale         ((ssxx,,ssyy,,sszz))
3D Rotation    3D Rotation    ((θθxx,,θθyy,,θθzz))

•• Computer Vision method (2D projective):Computer Vision method (2D projective):
IsometryIsometry----3DOF(2D translate 3DOF(2D translate ttxx,t,tyy; 2Drotate ; 2Drotate θθzz; ); )
SimilaritySimilarity----4DOF (add uniform scale 4DOF (add uniform scale s;s;))
AffineAffine ----6DOF (add 6DOF (add orientableorientable scale scale ssθθ,/s, s,/s, sθ⊥θ⊥ /s/s))
ProjectiveProjective----8DOF (changes 8DOF (changes xx33; 3D; 3D--rotationrotation--like)like)
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Image Rectifying: Undo parts of HImage Rectifying: Undo parts of H

x’ = H xx’ = H x where  where  H = HH = HS S HHA A HHPP

GOAL: GOAL: Put world plane x’ into view planePut world plane x’ into view plane
–– AffineAffine Rect.;Rect.; (find only (find only HHPP (2DOF)); (2DOF)); 
–– Metric Rect.;Metric Rect.; (find  (find  HHA A and and HHP P (6DOF));(6DOF));
–– Full Rect.;Full Rect.; (find all of (find all of HH (8DOF));(8DOF));

METHODS:METHODS:
1.1. AffineAffine: ‘Vanishing Point’, Infinity line methods: ‘Vanishing Point’, Infinity line methods
2.2. Metric: Conics & Circular PointsMetric: Conics & Circular Points
3.3. Full: 4Full: 4--point correspondence  point correspondence  

Conic ReviewConic Review
Review conics first Review conics first (pg.8)(pg.8)

–– ‘Conics’‘Conics’ == intersection of cone & plane:== intersection of cone & plane:
–– Many possible shapes:Many possible shapes:

circles, ellipses, parabola, hyperbola, circles, ellipses, parabola, hyperbola, 
degenerate lines & pointsdegenerate lines & points

Dual Forms:Dual Forms:
–– ‘Point Conics’‘Point Conics’ defined by points on the curvedefined by points on the curve
–– ‘Line Conics’‘Line Conics’ defined by lines tangent to curvedefined by lines tangent to curve

Point Conics: CPoint Conics: C
–– Equation of any/all conics solve a 2D quadratic:  Equation of any/all conics solve a 2D quadratic:  

aaxx22 + b+ bxyxy + c+ cyy22 ++ddxx ++eeyy +f = 0+f = 0
–– Write in homogeneous coordinates:Write in homogeneous coordinates:

xxTTCxCx = 0= 0
–– C is symmetric, 5DOF (because xC is symmetric, 5DOF (because x33 scaling)scaling)
–– Find any Find any CC from 5 homogeneous pointsfrom 5 homogeneous points

(solve for null space(solve for null space——see book pg 9)see book pg 9)

aa b/2   d/2 b/2   d/2 
b/2 b/2 c     e/2 c     e/2 
d/2   e/2d/2   e/2 f f 

xx11
xx22
xx33

= 0 = 0 xx11 xx22 xx33

hence a ‘Point Conic’hence a ‘Point Conic’
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•• Matrix Matrix CC makes conic curves from points makes conic curves from points xx:   :   
xxTTCxCx = 0= 0 CC is a is a ‘point conic’‘point conic’

•• The tangent line The tangent line LL for point for point xx is:   is:   
L = C xL = C x

•• Projective transform by H is:Projective transform by H is:
C’ = HC’ = H--TT C HC H--11

(messy!)(messy!)

Point Conics: CPoint Conics: C

LL
xx

•• Matrix Matrix C*C* makes conic curves from lines makes conic curves from lines LL:   :   
LLT T C* L = 0C* L = 0 CC is a is a ‘line conic’‘line conic’

•• The tangent point The tangent point xx for line for line LL is:   is:   
x = C* Lx = C* L

•• Projective transform by H is:Projective transform by H is:
C*’ = H C* HC*’ = H C* HTT

•• If  If  C C is nonis non--singular (rank 3), then singular (rank 3), then C* = CC* = C--11

‘Dual’ or Line Conics: C‘Dual’ or Line Conics: C

LL
xx

Degenerate ConicsDegenerate Conics
x C x = 0  x C x = 0  oror

•• General form of  point conic:  General form of  point conic:  
aaxx22 +  b+  bxyxy + c+ cyy22 ++ddxx ++eeyy +f    = 0  (or)+f    = 0  (or)
aaxx11

22 + b+ bxx11xx22 + c+ cxx22
22 +d+dxx11 +e+exx22 +f+fxx33 = 0= 0

•• A special ‘degenerate’ case, A special ‘degenerate’ case, 
‘infinite radius circle’ as x‘infinite radius circle’ as x33 00

11xx11
22 + + bxbx11xx22 + + 11xx22

22 ++dxdx11 +ex+ex22 ++00xx33 = 0= 0

CC∞∞ == solution: solution: 
2 2 complexcomplex xx vectors:          andvectors:          and

aa 0   d/2 0   d/2 
b/2 b/2 c     e/2 c     e/2 
d/2   e/2d/2   e/2 f f 

xx11
xx22
xx33

= 0 = 0 
xx11 xx22 xx33

11 0    0 0    0 
0     1    0 0     1    0 
0     0    00     0    0

1 1 
i i 
0 0 

1 1 
--i i 
0 0 
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Conic Weirdness IConic Weirdness I

‘Circular Points’  ‘Circular Points’  I=    , J=I=    , J= ;   or ;   or CC∞∞ ==

–– ‘Ideal points’‘Ideal points’; 2 points at infinity / horizon, but…; 2 points at infinity / horizon, but…
–– Complex :Complex : real part on real part on xx axis, axis, imagimag. on . on yy
–– “Where infinite circle hits infinity line L“Where infinite circle hits infinity line L∞∞ [0,0,1]”[0,0,1]”
–– Where? imaginary!  (infinite x,y axes, maybe?)Where? imaginary!  (infinite x,y axes, maybe?)
–– Affected by Affected by HHP P only.  ( only.  ( HHSS, , HHAA have no effect)have no effect)

?WHY BOTHER??WHY BOTHER?
–– 3 real pts + 2 circular points 3 real pts + 2 circular points find find circlecircle conicconic
–– To measure To measure anglesangles in projective spacein projective space

1 1 
i i 
0 0 

1 1 
--i i 
0 0 

11 0    0 0    0 
0     1    0 0     1    0 
0     0    00     0    0

Conic Weirdness 2Conic Weirdness 2

‘Circular Points’  ‘Circular Points’  I=    , J=I=    , J= ;  and ;  and CC∞∞ ==

•• CC∞∞ is a is a pointpoint conic, affected byconic, affected by HHP P only.only.
•• C*C*∞∞ is is lineline conic, but the conic, but the samesame matrixmatrix (!?!?!)(!?!?!)

–– Is same as outer product:  Is same as outer product:  IJIJTT + JI+ JITT

–– Transform this line conic as:  Transform this line conic as:  C*C*∞∞’ = H C*’ = H C*∞∞ HHTT

–– Affected byAffected by HHP P andand HHA A only, ( only, ( HHSS does nothing)does nothing)
–– Includes  LIncludes  L∞∞ the infinity linethe infinity line (L(L∞∞C*C*∞∞LL∞∞=0)=0)

ALL transforms of ALL transforms of C*C*∞∞ have only  4DOF have only  4DOF (pg 33 )(pg 33 )

1 1 
i i 
0 0 

1 1 
--i i 
0 0 

11 0    0 0    0 
0     1    0 0     1    0 
0     0    00     0    0

Conics: Angle MeasuringConics: Angle Measuring

•• Matrix H transforms Matrix H transforms C*C*∞∞ to another space: to another space: 
C*C*∞∞’’ == H C*H C*∞∞ HHT T 

Angles:Angles:
–– define ‘world space’ define ‘world space’ C*C*∞∞ as as 
–– (for any two world(for any two world--space homogeneous lines) space homogeneous lines) 

LL and and mm are are perpendicularperpendicular iff   iff   LLTT C*C*∞∞ m = 0   m = 0   
–– Also true for Also true for transformedtransformed L, mL, m andand C*C*∞∞, , so…so…
–– C*C*∞∞’’ in image spacein image space angle angle θ inin world space  world space  

11 0    0 0    0 
0     1    0 0     1    0 
0     0    00     0    0

(LT C*∞’ m)
(LT C*∞’ L)(mT C*∞’ m)cos(θ) = 
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Undoing H: Metric Rect. 1Undoing H: Metric Rect. 1
•• C*C*∞∞’’ has only 4DOFhas only 4DOF (before,after (before,after ANYANY H)H)
•• All C*All C*∞∞’ ’ DOF are contained in (HDOF are contained in (HA  A  HHPP))
•• SVD can convert C*SVD can convert C*∞∞’ to ’ to (H(HA  A  HHPP) matrix!) matrix!
•• Task is then Task is then ‘find C*‘find C*∞∞’ to find H’’ to find H’

2D world space 2D world space 
2D image 2D image 
space space 

HHS S HHA A HHPP

C*C*∞∞== C*C*∞∞’’==
11 0    0 0    0 
0     1    0 0     1    0 
0     0    00     0    0

••
••••

••

LL MM mmLL

••
••

•••• 00

Undoing H: Metric Rect. 1Undoing H: Metric Rect. 1

•• H = HH = HSS HHA A HHP  P  ==

•• Book shows how to write (simple, tedious):Book shows how to write (simple, tedious):
C*C*∞∞’ =’ =

where where KK is 2x2 symmetric (is 2x2 symmetric (affineaffine part: 2DOF)part: 2DOF)
vv is 2x1 vector, (projective part: 2DOF)is 2x1 vector, (projective part: 2DOF)

ssRR tt

00TT 11

II 00

vvTT vv

KK 00

00TT 11

••

••

••

••••

••

••

••

••

••

••

••

••••

KKKKT T •• KvKv
•• •• ••

vvTTKK •• 00

Undoing H: Metric Rect. 1Undoing H: Metric Rect. 1
•• C*C*∞∞’ =’ =

•• First, ignore projective part: set v=0.First, ignore projective part: set v=0.
•• Choose two pairs of perpendicular lines L,mChoose two pairs of perpendicular lines L,m
•• Use  Use  LLTT’ ’ C*C*∞∞’ m’ = 0 ’ m’ = 0 to solve for to solve for KK

KKKKT T •• KvKv
•• •• ••

vvTTKK •• 00

2D world space 2D world space 
2D image 2D image 
space space 

HHS S HHA A HHPP
LL MM mmLL

KKKKT T •• 00
•• •• ••

00 •• 00
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Matrix Math & Matrix Math & SVDsSVDs
•• Matrix multiply is a change of coordinatesMatrix multiply is a change of coordinates

–– Rows of A = coordinate axis vectorsRows of A = coordinate axis vectors
–– Ax = a dot product for each axisAx = a dot product for each axis

•• input spaceinput space output spaceoutput space
•• SVD ‘factors’ matrix A into 3 parts:SVD ‘factors’ matrix A into 3 parts:

–– U = U = orthonormal orthonormal basisbasis

svdsvd(A) = U S V(A) = U S V

Matrix Math & Matrix Math & SVDsSVDs
•• Matrix multiply is a change of coordinatesMatrix multiply is a change of coordinates

–– Rows of A = coordinate axis vectorsRows of A = coordinate axis vectors
–– Ax = a dot product for each axisAx = a dot product for each axis

•• input spaceinput space output spaceoutput space
•• SVD ‘factors’ matrix A into 3 parts:SVD ‘factors’ matrix A into 3 parts:

–– U = U = orthonormal orthonormal basisbasis

svdsvd(A) = U S V(A) = U S V

SVD ReviewSVD Review

xx11

xx22
yy22

yy11

yy33

yy33

yy22

yy11

yy11
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Undoing H: Metric Rectification 2Undoing H: Metric Rectification 2

ENDEND


