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CS 395/495CS 395/495--26: Spring  200226: Spring  2002

IBMR: Week 3 B IBMR: Week 3 B 

SVD Review, & Finish SVD Review, & Finish 
2D Projective Geometry2D Projective Geometry

Jack TumblinJack Tumblin
jet@cs.northwestern.edujet@cs.northwestern.edu

SVD Review: What is it?SVD Review: What is it?

•• Matrix Multiply:  Ax = bMatrix Multiply:  Ax = b
–– x and b are column vectorsx and b are column vectors
–– A has m rows, n columnsA has m rows, n columns

•• NN--dim. input spacedim. input spaceààMM--dim. output spacedim. output space
–– Rows of A = new coordinate axesRows of A = new coordinate axes

–– Ax = a dot product for each new axisAx = a dot product for each new axis
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•• Sphere of all unitSphere of all unit--length length xxàà output ellipsoidoutput ellipsoid
•• Its axes form Its axes form orthonormalorthonormal basis vectors basis vectors UUii::

•• SVD(A) = SVD(A) = UUSVSVTT columns of columns of UU = output basis vectors= output basis vectors

SVD Review: What is it?SVD Review: What is it?
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SVD Review: What is it?SVD Review: What is it?

•• For each For each UUii , make a matching , make a matching VVii that:that:
–– Transforms to Transforms to UUii (with scaling (with scaling ss ii) :   ) :   ssii (A V(A V ii) = ) = UUii

–– Forms an Forms an orthonormal orthonormal basis of input spacebasis of input space

•• SVD(A) = USSVD(A) = USVVTT columns of V = input basis vectorscolumns of V = input basis vectors
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SVD Review: What is it?SVD Review: What is it?

•• Finish:  Finish:  SVD(A) = SVD(A) = USVUSVTT

–– add ‘missing’ add ‘missing’ UU ii or or VVii, define , define ss ii=0.=0.
–– Singular matrix Singular matrix SS: diagonals are : diagonals are ss ii

–– Matrix Matrix UU, Matrix , Matrix VV have columns have columns UU ii and and VVii
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A = A = USVUSVT      T      ‘Find Input & Output Axes, Linked by Scale’‘Find Input & Output Axes, Linked by Scale’

‘Let ‘Let SVDs SVDs Explain it All for You’Explain it All for You’
–– OrthonormalOrthonormal U and V:  U and V:  UU--11 = U= UTT,  V,  V--11 = V= VTT

–– Rank(A)?Rank(A)? # of non# of non--zero singular values zero singular values ss ii

–– ‘ill conditioned’?‘ill conditioned’? Some Some ss ii are nearly zeroare nearly zero
–– ‘Invert non‘Invert non--square A’ ?square A’ ? A=USVA=USVTT;  U;  UTTSS--11V A = I; V A = I; 

so so AA-- 1 1 =U=UT T SS--1 1 VV

xx11

xx22

Ax=bAx=b
xx

Input (N dim.)Input (N dim.)

bb33

bb22

bb11

Output (M dim.)Output (M dim.)

uu11

uu33

uu22

vv22
vv11

A = A = USVUSVT      T      ‘Find Input & Output Axes, Linked by Scale’‘Find Input & Output Axes, Linked by Scale’
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‘Let‘Let SVDsSVDs Explain it All for You’Explain it All for You’

–– Solve Solve Ax=0 Ax=0 (Null Space of x):  Columns (Null Space of x):  Columns VVii whose whose ss ii=0=0
span all solutions, so write  span all solutions, so write  x = ax = aVV i1i1 + b+ bVVi2i2 + …+ …

–– Symmetry: if Symmetry: if AAT T = A= A, then SVD(A) is too:  , then SVD(A) is too:  A = USUA = USUTT

–– C*C*∞∞’’ = H C*= H C*∞∞ HHTT is symmetric, so  is symmetric, so  SVD finds H for you!SVD finds H for you!
SVD(SVD(C*C*∞∞’’) = USU) = USUTT = (= (HH)()(C*C*∞∞ )()(HHTT),  ),  (pg 35)(pg 35)
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A = A = USVUSVT      T      ‘Find Input & Output Axes, Linked by Scale’‘Find Input & Output Axes, Linked by Scale’

Undoing H: Metric RectificationUndoing H: Metric Rectification

•• C*C*∞∞’’ has only 4DOFhas only 4DOF (before,after (before,after ANYANY H)H)
•• All C*All C*∞∞’ ’ DOF are contained in (HDOF are contained in (HA  A  HHPP))
•• SVD can convert C*SVD can convert C*∞∞’ to ’ to (H(HA  A  HHPP) matrix!) matrix!
•• Task is then Task is then ‘find C*‘find C*∞∞’ to find H’ …’ to find H’ …

2D world space 2D world space 

2D image 2D image 
space space 

HHS S HHA A HHPP

C*C*∞∞== C*C*∞∞’’==
11 0    0 0    0 
0     1    0 0     1    0 
0     0    00     0    0

••

••••

••

LL MM
mmLL

••

••
•••• 00

? But how do we find ? But how do we find C*C*∞∞’ ?’ ?

One Answer: use perpendicular linesOne Answer: use perpendicular lines
–– (Recall) we defined ‘world space’ (Recall) we defined ‘world space’ C*C*∞∞ as as 

–– Then: 2 worldThen: 2 world--space lines space lines LL and and mm are are 
perpendicularperpendicular iff   iff   LLTT C*C*∞∞ m = 0   m = 0   

–– Also true for Also true for transformedtransformed L, mL, m andand C*C*∞∞

–– HH transforms transforms C*C*∞∞ to image space to image space C*C*∞∞ ’’ by:by:
C*C*∞∞’’ == H C*H C*∞∞ HHT T 

–– Now split up H and try it:  Now split up H and try it:  H = HH = HSS HHAA HHP,P, so…so…

11 0    0 0    0 
0     1    0 0     1    0 
0     0    00     0    0
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•• (recall)(recall)H = H = HHSS HHA A HHP  P  ==

•• Tedious algebra Tedious algebra (pg35)(pg35) shows symmetry:shows symmetry:

C*C*∞∞’ ’ == H C*H C*∞∞ HHT T ==

where where KK is 2x2 symmetric (is 2x2 symmetric (affineaffine partpart: 2DOF): 2DOF)
vv is 2x1 vector, (is 2x1 vector, (projective partprojective part: 2DOF): 2DOF)

•• ?But what do ?But what do KK and and VV really control?really control?

KKKKT T •• KvKv
•• •• ••

vvTTKK •• 00

K    K    •• 00
•• •• ••

00T    T    •• 11

Undoing H: Metric RectificationUndoing H: Metric Rectification

ssR   R   •• tt
•• •• ••

00T    T    •• 11

I     I     •• 00
•• •• ••

vvT    T    •• vv

Compare HCompare HAA and Hand HPP

•• HA is ‘2D skew’: directional scaling:HA is ‘2D skew’: directional scaling:
•• HP is ‘3D projection’: parallel lines convergeHP is ‘3D projection’: parallel lines converge

2D world space 2D world space 

2D image 2D image 
space space 

HHAA
LL MM

mm

2D image 2D image 
space space 

HHPP

mmLL

LL (parallelogram)(parallelogram)

(quadrilateral)(quadrilateral)

(square)(square)

(K matrix)(K matrix)

((KvKv vector)vector)

Undoing H: Metric RectificationUndoing H: Metric Rectification

•• OK, then how do we find OK, then how do we find KK and and vv??

•• Choose knownChoose known--perpendicular line pairsperpendicular line pairs ((LLii, , mmii)),,
then compute by:then compute by:
–– Method 1a: Method 1a: (pg 36)(pg 36) Assume v=0, solve for KAssume v=0, solve for K
–– Method 1b: Method 1b: (NOT in book)(NOT in book)Assume k=0, solve for v Assume k=0, solve for v 

–– Method 2:Method 2: Rearrange, solve for full Rearrange, solve for full C*C*∞∞’’
then get H using SVD.then get H using SVD.

KKKKT T •• KvKv
•• •• ••

vvTTKK •• 00
C*C*∞∞’ ’ == H C*H C*∞∞ HHT T ==
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Method 1a: Method 1a: (pg 36)(pg 36) Assume v=0, solve for KAssume v=0, solve for K

•• Choose 2 Choose 2 ⊥⊥ line pairs (line pairs (LLaa,m,maa) and () and (LLbb,,mmbb))

•• These satisfy These satisfy LLT T C*C*∞∞ ’’ m = 0m = 0 or:or:
•• (note x(note x33 term is ignored!)term is ignored!)

•• ‘flatten’ to one equation:‘flatten’ to one equation:

Undoing H: Metric Rect. 1aUndoing H: Metric Rect. 1a

KKKKT T •• KvKv
•• •• ••

vvTTKK •• 00
C*C*∞∞’ ’ == H C*H C*∞∞ HHT T =               =               àà

KKKKT T •• 00
•• •• ••

00 •• 00

s1  s2    0s1  s2    0
s2  s3    0s2  s3    0
0     00     0 00

mm11

mm22
mm33

ll11 ll22 ll33 =0=0

ll11mm11 ll22 mm11 +l+l11 mm22 ll22 mm22

ss11
ss22
ss33

= 0= 0

Method 1a: Method 1a: (pg 36)(pg 36) Assume v=0, solve for KAssume v=0, solve for K

•• ‘Stack’ to combine both line pairs;‘Stack’ to combine both line pairs;

•• Solve Solve ss using SVD: ‘input null space’  (using SVD: ‘input null space’  (Ax=0Ax=0))
•• Extract Extract HHAA using SVD: using SVD: 

recall recall C*C*∞∞’ ’ == H C*H C*∞∞ HHTT , , it is symmetric…it is symmetric…

Undoing H: Metric Rect. 1aUndoing H: Metric Rect. 1a

KKKKT T •• KvKv
•• •• ••

vvTTKK •• 00
C*C*∞∞’ ’ == H C*H C*∞∞ HHT T =               =               àà

s1  s2    0s1  s2    0
s2  s3    0s2  s3    0
0     00     0 00

ll11mm11 ll22 mm11 +l+l11 mm22 ll22 mm22
ss11
ss22
ss33

= 0= 0
ll11mm11 ll22 mm11 +l+l11 mm22 ll22 mm22

Method 1b: Method 1b: (not in book)(not in book) Assume K=I, solve for vAssume K=I, solve for v

•• Choose 2 Choose 2 ⊥⊥ line pairs (line pairs (LLaa,m,maa) and () and (LLbb,,mmbb))

•• These satisfy These satisfy LLT T C*C*∞∞ ’’ m = 0m = 0 or:or:

•• ‘flatten’ to one equation ‘flatten’ to one equation (messy)(messy), stack, solve for , stack, solve for vv11,v,v22

•• Extract Extract HHpp from from C*C*∞∞ ’ ’ using SVDusing SVD

Undoing H: Metric Rect. 1bUndoing H: Metric Rect. 1b

KKKKT T •• KvKv
•• •• ••

vvTTKK •• 00
C*C*∞∞’ ’ == H C*H C*∞∞ HHT T =               =               àà

I      I      •• vv
•• •• ••

vvTT •• 00

1     0   v11     0   v1
0     1   v20     1   v2
v1  v2v1  v2 11

mm11

mm22
mm33

ll11 ll22 ll33 =0=0
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Method 2: Rearrange, or ‘flatten’ Method 2: Rearrange, or ‘flatten’ C*C*∞∞ ’’

•• Choose Choose 55 ⊥⊥ line pairs (line pairs (LL11,m,m11) … () … (LL55,m,m55))
•• These satisfy These satisfy LLT T C*C*∞∞ ’’ m = 0m = 0 or:or:

•• ‘flatten’ to one equation:‘flatten’ to one equation:

Undoing H: Metric Rect. 2Undoing H: Metric Rect. 2

C*C*∞∞’ ’ == H C*H C*∞∞ HHT T =               =               

mm11
mm22
mm33

ll11 ll22 ll33
= 0= 0

aa b/2   d/2 b/2   d/2 
b/2 b/2 c     e/2 c     e/2 
d/2   e/2d/2   e/2 f f 

aa b/2   d/2 b/2   d/2 
b/2 b/2 c     e/2 c     e/2 
d/2   e/2d/2   e/2 f f 

ll11mm11 (l(l22mm 11+l+l11mm 22)/2    l)/2    l22mm2     2      (l(l33mm11+l+l11mm 33)/2   (l)/2   (l22mm33+l+l11mm 22)/2)/2

aa
bb
cc
dd
ee
ff

= 0= 0

Method 2: Rearrange, or ‘flatten’ Method 2: Rearrange, or ‘flatten’ C*C*∞∞ ’’

•• stack for all 5 line pairsstack for all 5 line pairs

•• Solve for Solve for a,b,c,d,e,fa,b,c,d,e,f with SVD (null space; Ax=0)with SVD (null space; Ax=0)
•• Extract Extract HHpp from from C*C*∞∞ ’ ’ using SVD   using SVD   

Undoing H: Metric Rect. 2Undoing H: Metric Rect. 2

C*C*∞∞’ ’ == H C*H C*∞∞ HHT T =               =               
aa b/2   d/2 b/2   d/2 
b/2 b/2 c     e/2 c     e/2 
d/2   e/2d/2   e/2 f f 

ll11mm11 (l(l22mm 11+l+l11mm 22)/2    l)/2    l22mm2     2      (l(l33mm11+l+l11mm 33)/2   (l)/2   (l22mm33+l+l11mm 22)/2)/2
aa
bb
cc
dd
ee
ff

= 0= 0

ll11mm11 (l(l22mm 11+l+l11mm 22)/2    l)/2    l22mm2     2      (l(l33mm11+l+l11mm 33)/2   (l)/2   (l22mm33+l+l11mm 22)/2)/2
ll11mm11 (l(l22mm 11+l+l11mm 22)/2    l)/2    l22mm2     2      (l(l33mm11+l+l11mm 33)/2   (l)/2   (l22mm33+l+l11mm 22)/2)/2
ll11mm11 (l(l22mm 11+l+l11mm 22)/2    l)/2    l22mm2     2      (l(l33mm11+l+l11mm 33)/2   (l)/2   (l22mm33+l+l11mm 22)/2)/2
ll11mm11 (l(l22mm 11+l+l11mm 22)/2    l)/2    l22mm2     2      (l(l33mm11+l+l11mm 33)/2   (l)/2   (l22mm33+l+l11mm 22)/2)/2

Polar Lines and Pole PointsPolar Lines and Pole Points

•• Line Conic Line Conic CC’s tangent line ’s tangent line LLtt at point at point xxtt by:by:
C C xxtt = L= Ltt (given (given xxtt is on the conic:is on the conic: xxtt

T T CC xxtt=0=0))

xxtt

LLtt
CC



77

Polar Lines and Pole PointsPolar Lines and Pole Points

•• Line Conic Line Conic CC’s tangent line ’s tangent line LLtt at point at point xxtt by:by:
C C xxtt = L= Ltt (given (given xxtt is on the conic:is on the conic: xxtt

T T CC xxtt=0=0))

•• But if But if xx is is NOTNOT on the conic? try on the conic? try CxCxpp = = LLpp

xxppLLppCC

Polar Lines and Pole PointsPolar Lines and Pole Points

•• Line Conic Line Conic CC’s tangent line ’s tangent line LLtt at point at point xxtt by:by:
C C xxtt = L= Ltt (given (given xxtt is on the conic:is on the conic: xxtt

T T CC xxtt=0=0))

•• But if But if xx is is NOTNOT on the conic? try on the conic? try CxCxpp = = LLpp

•• ‘Polar line’ ‘Polar line’ LLpp = conic at = conic at pp11, p, p22 (find them?ugly!) (find them?ugly!) 

xxppLLppCC

pp11

pp22

Polar Lines and Pole PointsPolar Lines and Pole Points

•• Line Conic Line Conic CC’s tangent line ’s tangent line LLtt at point at point xxtt by:by:
C C xxtt = L= Ltt (given (given xxtt is on the conic:is on the conic: xxtt

T T CC xxtt=0=0))

•• But if But if xx is is NOTNOT on the conic? try on the conic? try CxCxpp = = LLpp

•• ‘Polar line’ ‘Polar line’ LLpp = conic at = conic at pp11, p, p22 (to find them?ugly!) (to find them?ugly!) 

•• pp11, p, p22 tangent lines meet at ‘Pole point’tangent lines meet at ‘Pole point’ xxpp

xxppLLppCC

pp11

pp22

Interesting, Interesting, 
But I don’t But I don’t 

know why it is know why it is 
presented!presented!
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SVDs SVDs and Conicsand Conics

•• Conics (both C and C*) are symmetric;Conics (both C and C*) are symmetric;
•• SVD of any symmetric A is also symmetric:SVD of any symmetric A is also symmetric:

SVD(A) = USUSVD(A) = USUTT

•• All All conic’sconic’s singular values singular values ssii =0,1, or =0,1, or ––1.1.
•• Singular values classify conic type: Singular values classify conic type: (pg 40)(pg 40)

SSii values   |      Equation      |    Type                   .   values   |      Equation      |    Type                   .   
(1, 1, 1)(1, 1, 1)
(1, 1,(1, 1,--1)1)
(1, 1, 0)(1, 1, 0)
(1,(1,--1, 0)1, 0)
(1, 0, 0)(1, 0, 0)

xx22 + y+ y 22 + w+ w22 = 0= 0
xx22 + y+ y 22 -- ww22 = 0 = 0 
xx22 + y+ y 22 = 0= 0
xx22 -- yy22 = 0= 0
xx2 2 = 0= 0

imaginaryimaginary--only only 
circle circle 
single real point (0,0,1)single real point (0,0,1)
2 lines: x+/2 lines: x+/ -- yy
2 co2 co--located lines: x=0 located lines: x=0 

EigenEigen--values,values,--vectors, Fixed pt & linevectors, Fixed pt & line

•• Formalizes ‘invariant’ notion:Formalizes ‘invariant’ notion:
–– if x is ‘fixed’ for H, then  if x is ‘fixed’ for H, then  Hx Hx only scales xonly scales x

H x =H x = λλ xx ((λλ is a constant scale factor)is a constant scale factor)

–– xx is an is an ‘‘eigenvectoreigenvector’’, , λλ is its is its ‘‘eigenvalueeigenvalue’’

–– again, SVD helps you find them.again, SVD helps you find them.

•• Elaborate topic (but not hard).  Skip for now.Elaborate topic (but not hard).  Skip for now.

•• NEXT CLASS: NEXT CLASS: 
–– Will post Homework 2, update scheduleWill post Homework 2, update schedule
–– Will begin Chapter 2,  Will begin Chapter 2,  ‘‘3D Projective Geometry3D Projective Geometry’’

ENDEND


